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1 Integro-partial differential equations for sets of connected neural

population probability distributions

1.1 Dynamical system for a given population &, , y=1,2,... P

State variables of each cell 1 =1,2,..., K, in &, :
V.7 : membrane potential R : m-dimensional activation-inactivation ionic variables
¢; : variables describe the plasticity of the synaptic connections

Network dynamical system :

K
av;’ ~ 1 — = ~
j=1
dR} - -
L =0V, R
dt ( [ z)
do;

dt:m(z,w,fz]) i=1,2,...,K, ~=12,...,P



Final structure of the network dynamical system :

Fori=12,... K,

dZ? y 1 Y7V 7Y y
:P(Z')+FZM (Zi7Zj)+ it

where the vectors Z', F(Z]), ¢}, M(Z],Z]) in R™** are given by

)

7zl = (V) R}, ¢))

)

FUZ)) = (V) R + 1L

ext

MNZ], Z]) = (M (V7 R], 6],V RS, 65), 0, 0)

~

zt = (nZta 0,0)

(t), OV, R]), (81, V], R)))



1.2 The mean field approach for coupled conductance-based neural populations

Spiking neurons are organized in a set of P connected populations.

Dynamical system :

iz}
S =FZ)+ 7t+z ZM’W (2),2%), i=12... K, y=12..P

Joint probability distribution of stochastic variables :
P((Z)ia) = 2e((Z))im120icrs - -+ (2] )jm12, o)y Where (Z0)i0 = (Z0)i5) 5 1,

Fokker Planck equation for this system :

a P Ky
Ept (Z)ia) = lelazv FUZ) pe((Z8)ia))
y=1 1
P oK g
. Z; z; 0Z; (Z ZMW (2], Z7) <(Zia)i,a))
v=1 i=



For each population &, define set variables :

K
1 I
Poi=1

d(+) : Dirac distribution

Z!" : solution of the dynamical system for the population &,
Z!"and U € R™?

U= (u,z,58),u,s:

u (resp. Z, s), potential (resp. recovery, synaptic) meaning

Expectation value of n#(U) w.r.t p; :

n(Ut) = (" (U))y,

n*(U,t) : neural population probability distribution (PPD) for the population &2,

Derivation of an equation for n* (U, t)

Time derivative gives 3 terms :

)
awﬂﬂ=ﬁ+ﬁ+ﬁ



P Ks P Ky

o = [ TH 0z S S A7 (220} W—Z(s

5=11=1 y=1 i=1
. . —0
one obtains : Vo= @(}““(U)n“(U, t))
P Ks P Ky 1 Ky
S AICO RIS MUEEINEINI SR
Qs5=11=1 v=1 i=1 Boj=1
one obtains : v = —i/ dU'zP:MW(U U@ (U)n*(U")),,.
2 8U Rm+2 a=1 ’ b
the term ~4 is exact (not really useful in applications).
Mean field estimate : M (O)N(U"))p, = (0*(U)) (0 (U")) p, -

Fluctuations of n#(U) (resp. n®(U’")) :

@

small for K, (resp. K,) large and are O<\/11(7) (resp. O(\/LKf))

8 / d «a ! L [e] /
hm g AU MU e )

a=1



P Ky

b 1 0
ot =5 [ T4 S R n(Z) i s D002~ U)

6=1 =1 =1 i=1

one obtains : o

Finally, the (PPD) : n*(U,t) satisfies the following system of (nonlinear) IPDE :

9 B,
ipayV __ Y ru L
(U 1) = == (FHU)" (U, 1)

0 P

— a7 ! Ha AT’ a(TT!
oU /Rm+2dU ;M (U, U (U, tyn* (U, 1)
82
(BV> 5 (Ut) p=12... P

U= (u,z,s), u,s € R, Z€ R™



2 Application to coupled large-scale Fitzhugh-Nagumo networks

Dynamical system is given by (forall i =1,2,..., K,,v=1,2,...,P)

dVV P 1 Ko

g = VLX) 4 La(t) 4l + 3 7= D MV XL 6L VP X 6F)
a=1 7j=1

dXxX;

dtl - G’Y(VinX;)

do?

% = (¢}, V7, X7)

where

FI(V,X)= — KV —a)(V-1)— X
GV, X) = b (V —m'X).

For each ' cell in 22,

V.’ : membrane potential

X : one dimensional recovery variable

¢! : one dimensional synaptic variables

Parameters k7, a”, b7, m” govern the dynamics of the N neural model in the population £,
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ot

10

(V. X, ¢,t) =

0

oV
0

0X
0

ov

1 0
+ 5(55)2

The mean field equations are

((F*(V, X) + Iy ())nH(V, X, ¢, 1))

(GH(V, X)n (V. X, 6,1)) — a%mw, V, X )t (V, X, 6,1))

P
[ AVIAX ST A (VX 6,V X (V. X 6, (VX6 )
R3 a=1
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2.1 Statistical measures from the stochastic and integro-partial differential
systems

Main goal : comparison of the (numerical) solutions of
& SCDE: (thousands) of stochastic coupled differential equations,

& ICPDE: (P) integro coupled partial differential equations.

Both systems numerically implemented over the same domain 2 x A x ®
Q= [szna Vmax] (reSp- A= [szna Xmax]a o = [quzna ¢maz]) :

Bounded domains of variation of potential (resp. recovery, synaptic coupling variables)

Identical initial conditions have been chosen in both cases :

ICPDE: normalized Gaussian function n(V, X, ¢,t =0) :
mean and standard deviation parameters (Vo, ov ), (Xo, 0x), (¢o, o).

SCDE: all cells initial data (V;'(t =0), X (t =0),¢;(t =0)),i=1,2,...,K,,v=1,2,..., P,

selected throug the use of i.i.d. Gaussian random variables with the same moments

as the ones used for the solution of ICPDE.
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From a probabilistic point of view, how can one extract information on dynamical
variables V, X, ¢, for any cell in the full system, at any time ?

Define a neural population potential distribution

ICPDE

marginal distribution PtV t) = / n*(V, X, ¢,t) dX dp
R2

+0o0o
Continuous firing measure o (t) = / P (V) dv!
0

SCDE counting process about the presence (at a given time ¢, for any cell i in &,) of the
potential V}(¢) in a given subinterval [a;, b;] = bin;.

The bin; ;= build a partition of €2, all with same length: |bin;| = A =
Vmaw _ ‘/min
N

Discrete distribution #(t) given by

, N (V) € [aj,b; . .
§'(t) = {pj (), J:1,2,...,N}:{( (KsztEZ; J]), 1<Z<KM), 921,2,...,N}

N is the number of occurrences for all trials. Ny is total number of trials.

Discrete firing measure: en(t) = Z Pl (t).
j > (Q_Wnin)/)\
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2.2 Comparison of the two types of probability distributions

continuous one : p"(V,t)

discrete one :  £H(t)

as well as

averages, variances, covariances and firing measures derived from these two distributions.
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2.3 Numerical results for a single population

2.3.1 Excitatory synapses, uniform connectivity

all to all connectivity
¢i,t =1,2,..., K : constant values.

Use sigmoidal functions for the detection of presynaptic events (simple form)
GE(V) = (1 4 e PV-V&))~

Synaptic input current I, ;(t) for each cell 7 :

K
1
Lini(t) = 27 (VE = Vi) D o (V)
j=1

JEVE B VE . parameters



Stochastic system (SCDE) :

dV;

dt = F(‘/sz) + Iext(t) + ni,t + [syn,i(t)
dX; .

dt :G(‘/“Xl) 221727"'7[(

Integro-partial differential equation (IPDE) for PPD n(V, X,t) :

B —
o MV X 1) = =S {(F (V. X) 4 Len (1)) (V. X )}
5,
— 5y LGV X)n(V X 1)}
R2
2 2
00w x ),

2 0V?
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(b) Evolution of the normalized continuous probability density p(V,t), solution of the MVFP equation.

Figure 1 — Time behavior of probability densities.



SCDE : discrete means (line with symbols)
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Figure 2 — Excitatory synapses, uniform connectivity.

IPDE : continuous variances (plain line)
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Figure 3 — Excitatory synapses, uniform connectivity.

Depolarizations versus time for 5 randomly selected cells (SCDE).

applied current



2.3.2 Excitatory synapses, time dependent non uniform connectivity

Network dynamical system for non uniform, time dependent couplings between cells

dv;

dt == F(‘/;7Xz) + Ie:pt(t) + it + [syn,i(t)
dX;

L= GV X
dt ( ? )
do;
= Q i7Xi
Y0 a0.x)

Connection term M of Hebbian type:

M(‘/;JXiv(b’h ‘G’Xj7¢j) = (VSE - ‘/1) JEF(¢Z7¢J ) O-g(‘/J)
with I'(¢i, 05) = ¢ &5
(i, Xi) = —a ¢ + Bog(X;)

o4+ sigmoidal function, o4(X) = (1 + e /(X—Xs))~1

VE JE a, B, v, Xg : parameters

& Goal : Detect high joint ionic activity at the pre and post synaptic levels.



Mean field equation for this kind of neural network system.

Probability distribution n(V, X, ¢, t)

of depolarization, recovery and connection variables (V, X, ¢) € R? at time t.

o 0
an(‘/v X7 ¢a t) = - W (F(‘/a X) + ]ext(t)) n(V7 X? Qb,t)}
o
- a_X{G(VaX)n(V7X7¢>t)}
— JEi (VE V) n(V, X, ¢, t)}/ dV'dX'd¢'cE(V') T (¢, ¢ ) n(V', X', ¢, 1)
oV B3
- 3{9@5 X)n(V, X, 0,t)} + ﬁa—2n(VX b, 1)
8¢ b b b) 9 2 avz b b b)
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SCDE : discrete means (line with symbols)
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(a) Excitatory synapses. Mean values of potential and
connection variables obtained from IPDE and SCDE.

No applied current.

IPDE : continuous means (plain line)

SCDE : discrete means (line with symbols)
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(b) Excitatory synapses. Mean values of potential and
connection variables obtained from IPDE and SCDE.

A step current is applied: rhythm generation.

Figure 4 — Non uniform, time dependent connectivity.

IPDE : continuous means (plain line)
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trarily chosen cells. trarily chosen cells.

Figure 5 — Non uniform, time dependent connectivity.
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2.4 Two large-scale excitatory and inhibitory connected populations

Two networks & and &; of neural populations with different parameters k%, a®, b, m®,

a=FE 1.
Coupled system of equations for the probability distributions
for the excitatory and the inhibitory populations n®(V, X,t) and n!(V, X, t)

0 0
o (VX 1) = = S {(FE(V.X) + L2, (0)n® (V. X, 1)}
0GRV X BV, X, 1))
P VE VPV X 0} [ aviaxoE(Vint(v! X'
R2
g D LB vt v X} [ aviaxsB v (v, X
1, po 0% g !
+§(ﬁv) W” (V7X7t>

For n?(V, X,t) : make an exchange between the indices I and E.
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Figure 6 — No coupling between Zg and &
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Figure 7 — Coupling between &g and &1
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3 Conclusion

& Mean field equations have been derived for a set of probability distributions governing
the dynamical behavior of a set of noisy populations of neurons: McKean-Vlasov-Fokker-
Planck equations (MVFP).

Numerical integration of these equations has been made in some cases of connected neu-
ral networks and showed that statistical measurements obtained in this scheme are in good
agreement with those obtained by direct simulations of (finite size) stochastic neural dynamical
systems.
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